Let f be a transcendental meromorphic function in the plane such that f has finitely many critical values, the multiple points of f have bounded multiplicities, and the inverse function of f has finitely many transcendental singularities. Using the Wiman-Valiron method it is shown that if the Schwarzian derivative S f of f is transcendental then f has infinitely many multiple points, the inverse function of S f does not have a direct transcendental singularity over ∞, and ∞ is not a Borel exceptional value of S f . The first of these conclusions was proved by Nevanlinna and Elfving via a fundamentally different method. A.M.S. MSC 2000: 30D35.
Introduction
The singularities of the inverse of a transcendental meromorphic function f in the plane play a pivotal role in function theory and complex dynamics, and were classified by Iversen [7, 17] as follows. An algebraic singularity of f −1 over a value a in the extended complex plane C ∞ arises from a multiple point z ∈ C of f with f (z) = a, that is, a multiple pole of f or a zero of f ′ , while a path γ tending to infinity on which f (z) tends to a ∈ C ∞ determines a transcendental singularity of f −1 over a. Paths γ 1 , γ 2 with the same asymptotic value a determine distinct transcendental singularities over a if there exist t > 0 and disjoint components C 1 , C 2 of the set {z ∈ C : χ(f (z), a) < t} with γ j \ C j bounded: here χ(a, b) denotes the chordal metric on C ∞ . The starting point of the present paper is the following theorem, the restriction to the plane meromorphic setting of results of Elfving [5] and Rolf Nevanlinna [23, 24] . Theorem 1.1 ([5, 23, 24] ) Let f be a transcendental meromorphic function in the plane satisfying both of the following conditions. (i) The function f has finitely many multiple points.
(ii) The inverse function f −1 has finitely many transcendental singularities. Then the Schwarzian derivative
is a rational function.
In fact, the papers [5, 23] consider simply connected Riemann surfaces spread over the sphere with finitely many algebraic and logarithmic singularities (see [6] ), and together show that all such surfaces are uniformised by meromorphic functions in the plane with rational Schwarzian [5, p.57] , and in particular are parabolic. On the other hand, for certain choices of angles in the construction of the Schwarz triangle functions, the inverse has infinitely many singularities, each of them algebraic and lying over one of three values, and the Riemann surface is hyperbolic [24, pp.298-9] (see also [21, Ch. 7] ).
The converse of Theorem 1.1 is also true, in the sense that if f is a transcendental meromorphic function in the plane and S f is a rational function then f satisfies (i) and (ii). Moreover, the Schwarzian S f is intimately linked to differential equations since f may be written locally as a quotient of solutions of the equation
where 2A = S f . In the case where A ≡ 0 is a polynomial of degree n, asymptotic integration [15, 16] shows that the quotient f of linearly independent solutions of (2) is a meromorphic function in the plane, of order of growth (n+2)/2, with no multiple points and n+2 transcendental singularities of the inverse [22] . These functions f are extremal for Nevanlinna's deficiency relation δ(a, f ) ≤ 2, while functions of finite lower order which have maximal deficiency sum, or sufficiently few multiple points, have asymptotic behaviour which closely resembles that of the quotient of two solutions of (2) [4, 6] . For the definitions of the order of growth and the Nevanlinna deficiency see [11, 24] .
The proof of Theorem 1.1 in [5, 23, 24] uses the method of line complexes [9, 24] to approximate S f by the Schwarzian derivative of a rational function, and the present paper will focus on the following alternative approach. Suppose that f is a transcendental meromorphic function in the plane with finitely many multiple points, but that S f is transcendental. Then S f has finitely many poles, so the Wiman-Valiron theory [12] gives small neighbourhoods on which A(z) = S f (z)/2 behaves like a power of z (see §2), and local asymptotic representations for solutions of (2) on these neighbourhoods were developed in [19] . Since the powers arising from the Wiman-Valiron theory tend to infinity, it is reasonable to anticipate that these local asymptotics are incompatible with the existence of only finitely many transcendental singularities of f −1 . It turns out that this approach does indeed work and, although it may not be simpler than the proof of Theorem 1.1 in [5, 23, 24] , it does deliver some additional conclusions as follows. Here [1, 24] a transcendental singularity, arising from a path γ tending to infinity on which a transcendental meromorphic function h tends to a ∈ C ∞ , is said to be direct if there exist t > 0 and a component C of the set {z ∈ C : χ(h(z), a) < t} such that h(z) = a on C and γ \ C is bounded. By Iversen's theorem the inverse of a transcendental entire function always has a direct transcendental singularity over ∞, but so has, for example, that of e −z 2 cot z. Note that in Theorem 1.2 it is not assumed initially that f has finitely many multiple points, but because of (i) and (ii) the inverse function has finitely many singular values, so that f belongs to the Speiser class S [8] . Conclusion (a) is not new, and merely replicates that of Theorem 1.1, albeit with a different proof, but (b) and (c) are new as far as the author is aware. There are abundant examples of functions satisfying (i) and (ii) with transcendental Schwarzian, such as cos z or the Weierstrass doubly periodic function ℘(z); one could also take ℘ • g for any entire g with no finite asymptotic values such that the critical points of g have bounded multiplicities and all but finitely many of them are mapped by g to multiple points of ℘.
2 The Wiman-Valiron property 
(ii) For each r ∈ F 1 there exists z r with
such that
Note that (4) and (5) . The Wiman-Valiron property is well known for transcendental entire functions A [12] , in which case one may take φ(r) = N(r) 1−γ for any γ with 1/2 < γ < 1, and z r with |z r | = r and |A(z r )| ∼ M(r, A); here M(r, A) is the maximum modulus, N(r) is the central index of A and [1, ∞) \ F 1 has finite logarithmic measure. With very minor modifications, the same estimates hold when A is transcendental meromorphic with finitely many poles, which is automatically the case by (1) if 2A = S f is transcendental and f is meromorphic with finitely many multiple points. It will be noted in Lemma 7.3 that any transcendental meromorphic function in the plane for which ∞ is a Borel exceptional value has the Wiman-Valiron property. More significantly, it was proved in [3] 
Local asymptotic integration
Let the function A be meromorphic in R ≤ |z| < ∞ with an essential singularity at infinity, and assume that A has the Wiman-Valiron property. Take r ∈ F 1 and z r as in Definition 2.1, with r large, and set
Then (5) may be written in the form
for z in D(z r , 8), so that (3), (6) and Cauchy's estimate for derivatives yield
Now let z ∈ D(z r , 4) and let σ z be the path from w r to z consisting of the radial segment from w r to z * = w r |z/w r | followed by the shorter circular arc from z * to z, so that σ z has length O(rφ(r)/N). Now |w r | ≤ |t| ≤ |z| on σ z , and so (8) and integration by parts along σ z yield
Hence, for z ∈ D(z r , 4), using (7) and (9),
Here the logarithms are determined so that log(z/z r ) vanishes at z r . The following lemma is an immediate consequence of (10).
Lemma 3.1 Let Q be a positive integer and let r ∈ F 1 be large. Then log Z is a univalent function of log z on D(z r , 7/2) and there exist at least Q pairwise disjoint simple islands H q in D(z r , 3) mapped univalently by Z onto the closed logarithmic rectangle
✷ The next step is to apply a local analogue of Hille's asymptotic method [15, 16] developed in [19] . For z in H q (where 1 ≤ q ≤ Q) and Z = Z(z) in J 1 , a solution w(z) of (2) is transformed via
and |F 0 (Z)| ≤ 3|Z| −2 in J 1 , using (8) and (10) . Since
and (4) imply that
Hence [19, Lemma 1] gives solutions U 1 (Z), U 2 (Z) in J 1 of the differential equation for W appearing in (12), as well as solutions u 1 (z), u 2 (z) of (2) in H q , these satisfying
✷ 4 The class B and the Schwarzian derivative Throughout this paper, B(a, r) will denote the open Euclidean disc of centre a and radius r, and S(a, r) the corresponding boundary circle. The chordal (spherical) metric on the extended complex plane C ∞ will be written as
Suppose next that h is a transcendental meromorphic function with no asymptotic or critical values in 0 < R < |w| < ∞. Then by a well known classification result [24, p.287] , every component C 0 of the set {z ∈ C : |h(z)| > R} is simply connected, and there are two possibilities. Either (i) C 0 contains one pole z 0 of h, of multiplicity k say, in which case h −1/k maps C 0 univalently onto B(0, R −1/k ), or (ii) C 0 contains no pole of h, but instead a path tending to infinity on which h tends to infinity. In case (ii) the function w = log h(z) maps C 0 univalently onto the half-plane Re w > log R, the singularity of h −1 over ∞ is called logarithmic and, following [3] , the component C 0 will be called a logarithmic tract. Logarithmic singularities over finite values are defined analogously and, if h belongs to the Speiser class S, all transcendental singularities of h −1 are automatically logarithmic.
The following lemma will be proved for functions in the Eremenko-Lyubich class B, that is, transcendental meromorphic functions in the plane for which the set of finite singular values of the inverse function is bounded, so that any transcendental singularity over ∞ is again logarithmic. 
for z ∈ U, where S f (z) denotes the Schwarzian derivative of f .
Proof. Write
on H = {w ∈ C : Re w > log R}. Since ∞ ∈ f (U), the function ψ is univalent on H. Thus Koebe's quarter theorem [14, p.3 ] and Nehari's univalence criterion [20] give
on H. Next, the composition formula
for the Schwarzian and the fact that S p ≡ 0 when p is a Möbius transformation give
Now combining (15) and (16) 
∞ and let E ⊆ {z ∈ C : R < |z| < ∞} be a connected set such that χ(f (z), α) < ρ 2 for all z ∈ E. Then at least one of the following two conclusions holds: (i) the set E lies in a component of the set {z ∈ C : χ(f (z), a j ) < 2ρ} for some j; (ii) the set E lies in a simply connected subdomain of C \ {0} and has logarithmic diameter at most 400πρ.
Proof. Choose x 0 , x 1 ∈ C and R such that
With this choice of R, let E be as in the statement of the lemma, assume that (i) does not hold, and choose z 0 ∈ E. Then w 0 = f (z 0 ) satisfies χ(f (z), w 0 ) < 2ρ 2 < ρ for all z ∈ E, and χ(w 0 , a j ) ≥ ρ for all j. It may be assumed that |w 0 | ≤ 1. Then the branch of g = f −1 mapping w 0 to z 0 extends to be analytic and univalent on the Euclidean disc F = B(w 0 , ρ) ⊆ {w ∈ C : χ(w, w 0 ) < ρ} ⊆ B(0, 2). Now let |w − w 0 | < 10ρ 2 < ρ/2. Since ψ(w) = log(g(w) − x 1 ) is analytic and univalent on F , Koebe's quarter theorem gives
Finally, let z ∈ E and w = f (z). Then χ(w, w 0 ) < 2ρ 2 and |w − w 0 | < 10ρ 2 and so
which leads easily to (ii). ✷
The next lemma requires additional assumptions on the function f ∈ S.
Lemma 5.2 Assume that all singular values a j of f −1 are finite, with |a j − a j ′ | ≥ 2σ > 0 for a j = a j ′ . Assume further that all zeros of f ′ have multiplicity at most M − 1, for some fixed M ∈ N. Let ρ be a positive real number, small compared to σ, and let z 0 be large with |f (z 0 ) − a j | < ρ for some j. Assume that a j ∈ f (F ), where F is that component of G = {z ∈ C : |f (z) − a j | < σ} which contains z 0 . Then z 0 lies in a simply connected component D ⊆ C \ {0} of the set {z ∈ C : |f (z) − a j | < ρ}, and D has logarithmic diameter at most
Proof. Assume without loss of generality that a j = 0. Then any component of G which contains a zero of f must be bounded. Since 0 ∈ f (F ) and z 0 is large it may therefore be assumed that 0 ∈ F . Now f can be written in the form f = g m on F , where g : F → B(0, σ 1/m ) is conformal, and m is a positive integer with m ≤ M. Let G : B(0, σ 1/m ) → F be the inverse map of g.
Since ψ(w) = log G(w) is analytic and univalent on B(0, σ 1/m ), and ρ/σ is small, Koebe's quarter theorem yields, for |w| ≤ ρ 1/m ,
Proof of Theorem 2.1
Let f be as in the hypotheses and assume without loss of generality that all singular values of f −1 are finite but have modulus at least 2. Take a small positive real number τ . The finitely many transcendental singularities of f −1 give rise to a (possibly empty) finite set of logarithmic tracts W k , each a component of the set {z ∈ C : |f (z) − a j | < τ } for some j = j(k), such that w = log 1 f (z) − a j maps W k conformally onto the half-plane Re w > − log τ . By reducing τ if necessary, it may be assumed that no W k contains the origin. Now assume that A has the Wiman-Valiron property as in Definition 2.1 and take r ∈ F 1 with r large, and the corresponding z r . Let Z(z) be defined on D(z r , 3) as in (9) . Then (10), (11) and Lemma 4.1 show that there exists d > 0, depending on f but not on k or r, such that
, N = N(r), (17) for all z ∈ D(z r , 3) ∩ W k . Next, take one of the islands H q in D(z r , 3) which by Lemma 3.1 are mapped univalently by Z(z) onto J 1 as in (11) , and write
for z ∈ H q , in which u 1 , u 2 are as in (14) and the C j and D j are complex numbers with
Since these coefficients may depend on r and even on q, a number of lemmas are required in order to determine the behaviour of f (z) on certain arcs in H q which are pre-images of radial segments in J 1 .
Lemma 6.1 Let K be a radial segment in J 1 , given for some a ∈ R by
Then on the pre-image
Moreover, if r is large enough then L has logarithmic diameter at least 1/N.
Proof. By (14) the u j and U j satisfy, for z ∈ L and Z ∈ K,
and |Z| ≥ e a Z r on K. Furthermore, by (10) , there exist points
There exists j ∈ {1, 2} for which
Proof. Assume that this assertion is false: then (18) may be written in the form
By (11) and Lemma 6.1 there exists a radial segment K * in J 1 given by
on whose pre-image L * in H q the solutions satisfy
and L * has logarithmic diameter at least 1/N. But (13) and (21) now imply that
on L * . Applying Lemma 5.1 with 800πρ = 1/N shows that f (z) − a j is small on L * , for some j, and this is a contradiction since |β| ≤ 1 < 2 ≤ |a j |. ✷ It may henceforth be assumed that
Lemma 6.3 The coefficient γ satisfies |γ| ≥ N −3 .
Proof. Assume that this is not the case and take a radial segment K * defined as in (22) such that (23) holds on the pre-image L * in H q . Here u and v may not be the same choices of u 1 and u 2 as in the previous lemma, but this does not affect the existence of K * . Then on L * the representation (24) gives
Applying Lemma 5.1 again with 800πρ = 1/N shows that f (z) − a j is small on H * , for some j, and this is a contradiction since the a j are all finite. ✷
In view of Lemma 6.3, the representation (24) can now be written in the form
Lemma 6.4 The coefficients in (25) satisfy
Proof. In (26) the first inequality follows at once from (24) and (25), so assume that the second inequality is false. Again take a radial segment K * defined as in (22) such that (23) holds on the pre-image L * in H q , and recall that L * has logarithmic diameter at least 1/N. By (13) this yields, for z ∈ L * , since |β| ≤ 1 but |γ| ≥ N −3 ,
on L * , for some j, and Lemma 5.2 shows that the component of the set {z ∈ C : |f (z)−a j | < τ } which contains L * cannot also contain a zero of f −a j . Thus L * must lie in one of the logarithmic tracts W k , with corresponding asymptotic value a j(k) = a j . Now (17) and (22) 
and this is a contradiction. ✷ Lemma 6.5 The coefficients in (25) satisfy
Proof. The first inequality is obvious since |α| ≤ 1, so assume that the second fails. Take a radial segment K * * in J 1 given by
on whose pre-image L * * in H q the solutions satisfy
This is possible by (3), (11) and (19), and L * * has logarithmic diameter at least 1/N. For z ∈ L * * this yields, in view of (25) and (26),
and so |f (z)| ≥ exp(100NZ r ), which gives a contradiction as in the proof of Lemma 6.3. ✷
Since β = 0, the representation (24) for f can also be written in the form
and it follows at once from (24) and (26) that
In particular, α/β = 1/γ. Since r is large the next lemma is an immediate consequence of (17) .
For each tract W k and its associated asymptotic value a j = a j(k) , the function f satisfies
✷ Lemma 6.7 There exist disjoint radial segments K + , K − in J 1 , each given by
on whose pre-images L ± in H q the function f satisfies
Moreover, there exist distinct singular values a j+ and a j− of f −1 , such that L ± lies in a logarithmic tract W k± with asymptotic value a j± . With a fixed determination of arg Z(z r ), each pre-image L ± is a simple arc in H q , on which
and distinct H q give rise to distinct integers P q . Moreover, L ± meets the circle S(0, R r ) nontangentially and contains a simple arc M ± which lies in |z| ≥ R r and joins the unique point in L ± ∩ S(0, R r ) to a point ζ ± which satisfies |ζ ± | > R r and
Proof. The segment K − is chosen so that, using (20) and (32),
On combination with (24), (27) and (28) this proves (34), and (33) is derived from (25) in the same way. Since L ± has logarithmic diameter at least 1/N, by Lemma 6.1, applying Lemma 5.1 gives singular values a j+ , a j− of f −1 with
and so max{|α/β|, |1/γ|} ≤ max{|a j |} + 1.
It now follows using (29) that a j+ = a j− , and the inclusion L ± ⊆ W k± is a consequence of Lemmas 5.2 and 6.1.
To prove the remaining assertions, write Z = Z r e T +iB on K ± , where |B| = π/8 and T is real. The formulas (10) and (11) imply that there exists E q ∈ C such that
in which the logarithms are chosen to vanish at z r and Z r respectively. Taking exponentials shows that E q = i(2πP q − arg Z(z r )) + o(1) for some integer P q , and there exists z ∈ H q with
this follows from (10), Koebe's quarter theorem and the fact that log z/z r is a univalent function of log Z for Z in J 1 by Lemma 3.1. Hence distinct H q must give rise to distinct integers P q , and (35) follows for z ∈ L ± and Z = Z r e T +iB on K ± ; here arg(z/z r ) = o(1) by (3) and (6) . The arcs L ± meet S(0, R r ), by (3), (10) , (11), (30) and the fact that T varies between 5 log N and φ(r)/2, and they do so non-tangentially, because (9) and (10) give
Observe next that the pre-image Q ± in H q of the part of K ± with φ(r)/2 − 1 ≤ T ≤ φ(r)/2 has logarithmic diameter at least 1/N, by Lemma 6.1, and
by (3), (33) and (34). Applying Lemma 5.1 and (31) shows that
The arc M ± and the point ζ ± are now determined as follows. Since (37) shows that
has positive real part, it follows that |z| increases with T as Z describes K ± . Start at the unique point in L ± ∩ S(0, R r ) and follow L ± in the direction of increasing T , and let ζ ± be the first point encountered which satisfies |f (z) − a j± | = exp (−N 100 Z r ), such a point existing because of (38) . ✷
There are finitely many logarithmic tracts W k , but arbitrarily many islands H q ⊆ D(z r , 3), each with corresponding tracts W k+ = W k− , which makes it possible to choose tracts and arcs as follows. Take logarithmic tracts U a and U b , with distinct corresponding asymptotic values a and b respectively, and disjoint arcs M p,a contained in U a ∩ D(z r , 3), as well as disjoint arcs M p,b contained in U b ∩ D(z r , 3), in each case for p = 1, 2. Each of these arcs is one of the M ± as in Lemma 6.7. Here M p,a joins a point x p,a on S(0, R r ) to a point y p,a satisfying |y p,a | > R r , |f (y p,a ) − a| = exp −N 100 Z r , and the M p,b join corresponding points x p,b and y p,b . In view of (35) and the fact that the number of islands H q may be chosen arbitrarily large, it may be assumed that as z describes D(z r , 3) ∩ S(0, R r ) with arg z increasing, z meets these arcs in the order M 1,a , M 1,b , M 2,a , M 2,b . Now y 1,a and y 2,a both lie in U a , and log 1/(f − a) maps U a univalently onto the half-plane Re w > − log τ . Thus there exists a simple path X 1 ⊆ U a joining y 1,a to y 2,a , on which |f (z) − a| = exp −N 100 Z r , and X 1 does not meet D(z r , 3) ∩ S(0, R r ), because of (31). Recalling (36), it is now possible to form a Jordan curve X consisting of X 1 , M 1,a , M 2,a and an arc X 2 of S(0, R r ) ∩ D(z r , 3) joining x 1,a to x 2,a , in such a way that X ∩ S(0, R r ) ∩ D(z r , 3) = X 2 . Now join This path cannot meet X, because of (31), which gives a contradiction and completes the proof of Theorem 2.1. ✷ r λ = o(N(r) γ ) for r ∈ F 1 .
In particular, if z ∈ E r then, by (46), 
